DUALITY FOR GROUPOID (CO)ACTIONS 



DAIANA FLORES AND ANTONIO PAQUES 



Abstract. In this paper we present Cohen-Montgomery- type duality theorems for groupoid 
(co) actions. 

Key words and phrases: groupoid action, groupoid coaction, Cohcn-Montgomcry duality. 
Mathematics Subject Classification: Primary 16S40, 16W50, 20L05, 22D35. 

1. Introduction 

Groupoids are usually presented as small categories whose morphisms are invertible. This 
notion is a natural extension of the notion of a group. Notice that a group can be seen as a 
category with a unique objet. 

The notion of a groupoid action that we use in this paper arose from the notion of a partial 
groupoid action as introduced in [2] , which is a natural extension of the notion of a partial group 
action |10j . First, partial ordered groupoid actions on sets were introduced in the literature, 
as ordered premorphisms, by N. Gilbert [11] . After, partial ordered groupoid actions on rings 
were considered by D. Bagio and the authors (T] as a generalization of partial group actions, as 
introduced by M. Dokuchaev and R. Exel in [10]. And in [2] this notion was extended to the 
general context of groupoids. 

Our purpose is to present a generalization of Cohen-Montgomery duality Theorem for group 
actions [5J Theorem 3.2] (resp., group coactions or, equivalently, group grading [5J Theorem 3.5]) 
to the setting of groupoid actions (resp., groupoid coactions or groupoid grading) (see Theorems 
I3~7l and 1431). 

This paper is organized as follows. In the next section we give preliminaries about groupoids, 
groupoid actions, skew groupoid rings, weak bialgebras, groupoid gradings, groupoid coactions and 
weak smash products, these later as introduced by S. Caenepeel and E. De Groot in [?]. In that 
section we will be concerned only with the results strictly necessary to construct the appropriate 
environment to prove our main theorems, whose proofs we set in the sections 3 (actions) and 4 
(coactions). 

We deal with the groupoid ring KG and its dual KG* , K being a commutative ring and G a 
finite groupoid. The i-T-algebras KG and KG* are perhaps the first examples of weak bialgebras 
that are not bialgebras. 

Accordingly [2], an action of a groupoid 67 on a K -algebra R is a pair (3 — ({E g } ge c {(3 g } gG G), 
where for each g £ G, E g = E gg -i is an ideal of R and j3 g : E g -i —> E g is an isomorphism of rings 
satisfying some appropriate conditions (see the subsection 2.3). 

If the set Go of all identities of G is finite then there exists a one to one correspondence between 
the structures of left ifG-module algebra on R and the actions f3 of G on R such that each ideal 
E e (e (E Go) is unital and R = © ee< 3 E e . In particular, the notion of groupoid action introduced 
by Caenepeel and De Groot in [8] is equivalent to this previous one (see Proposition [22]). 

Given an action /3 of a finite groupoid G on a X-algebra R we can consider the skew groupoid 
ring R-kp G Q], which is a G-graded algebra or, equivalently, a left ifG*-module algebra. The 
corresponding weak smash product [7] (i?*^G)#-ftTG* is a nonunital iC-algebra (see the subsection 
2.5). 

Given any unital if-algebra A graded by a finite groupoid G or, equivalently, a left K G*-module 
algebra, there exists an action /3 of G on the weak smash product A#KG* (see Proposition 12. 5|) 
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and we can consider the corresponding skew group ring (AJfKG*) -kp G, which also is a nonunital 
if-algebra. 

We show in the section 3 (resp., section 4) that (R-kpG)4t z KG* (resp., (A#KG*)*pG) contains 
a unital JT-subalgebra that is isomorphic to a finite direct sum of matrix -algebras. In particular, 
if G is a group we recover (9) Theorems 3.2 and 3.5]. 

In [TS] D. Nikshych presented a Blattner-Montgomery-type duality for weak Hopf algebras, 
generalizing the well known result for Hopf algebras obtained in [4] and [3] . There exists a natural 
relation between {R*p G)#KG* and the double weak smash product (R<S> KGt KG) (g) KG , KG* 
as constructed by Nikshych (in the case that this makes sense), and it will be explicitly given in 
the section 5. 

Throughout, by ring (or algebra) we mean an associative, not necessarily commutative and not 
necessarily unital ring (or algebra). 

2. Preliminary results 

2.1. Groupoids. The axiomatic version of groupoid that we adopt in this paper was taken from 
[12] . A groupoid is a non-empty set G equipped with a partially defined binary operation, that 
we will denote by concatenation, for which the usual axioms of a group hold whenever they make 
sense, that is: 

(i) For every g,h,l £ G, g(hl) exists if and only if (gh)l exists and in this case they are equal. 

(ii) For every g,h,l £ G, g(hl) exists if and only if gh and hi exist. 

(iii) For each g £ G there exist (unique) elements d(g),r(g) £ G such that gd(g) and r(g)g 
exist and gd(g) = g = r(g)g. 

(iv) For each g £ G there exists an element g -1 £ G such that d(g) — g~ x g and r(g) = gg^ 1 . 
We will denote by G 2 the subset of the pairs (g, h) £ G x G such that the element gh exists. 

An element e £ G is called an identity of G if e = d(g) = r(g^ 1 ), for some g £ G. In this case 
e is called the domain identity of g and the range identity of g —1 . We will denote by Go the set 
of all identities of G and we will denote by G e the set of all g £ G such that d(g) — r(g) = e. 
Clearly, G e is a group, called the isotropy (or principal) group associated to e. 

The assertions listed in the following lemma are straightforward from the above definition. Such 
assertions will be freely used along this paper. 

Lemma 2.1. Let G be a groupoid. Then, 

(i) for every g £ G, the element g^ 1 is unique satisfying g~ 1 g = d(g) and gg^ 1 = r(g), 

(ii) for every g £ G, d(.9 _1 ) = r(g) and r{g~ x ) = d(g), 

(iii) for every g £ G, (g^ 1 )^ 1 = g, 

(iv) for every g,h £ G, (g, h) £ G 2 if and only if d(g) = r(h), 

(v) for every g,h £ G, (h^ 1 , g~ r ) £ G 2 if and only if (g,h) £ G 2 and, in this case, (gh) = 
h V \- - 

(vi) for every (g, h) £ G 2 , d(gh) — d(h) and r(gh) = r(g), 

(vii) for every e £ Go, d(e) = r(e) = e and e _1 = e, 

(viii) for every (g, h) £ G 2 , gh £ Go if and only if g = h , 

(ix) for every g,h £ G, there exists I £ G such that g = hi if and only if r(g) = r(h), 

(x) for every g,h £ G, there exists I € G such that g = Ih if and only if d(g) — d(h). 

2.2. Weak bialgebras: the finite groupoid algebra and its dual. Hereafter K will denote 
a unital commutative ring and unadorned ® will mean ®k- Following [6], a weak _ftT-bialgebra H 
is a unital i^-algebra, with a A"-coalgebra structure (A, e) such that 

(i) A(xy) = A(x)A(y) 
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(ii) A 2 (1 H ) = (A(1 H ) ® lffXlu ® A(l ff )) = <g> A(l ff ))(A(l H ) ® 

(iii) e(xyz) = £ E(a;yi)e(y 2 «) = E e^Myi^), 

for all x,y,z G ii, where A 2 = (A ® i# ) o A = (J# ® A) o A and iy denotes the identity map of 
H . We use the Sweedler-Heyneman notation for the comultiplication, namely A(x) = E x i ® x 2: 
for all x £ H. 

If ii is a bialgebra, that is, the maps A and e are homomorphisms of algebras, then the above 
axioms (i)-(iii) are trivially satisfied. Here we are concern with the algebra KG of a groupoid G 
and its dual in the case that G is finite. Both are weak bialgebras but not bialgebras. 

Given a groupoid G, the groupoid algebra KG is free as a K- module with basis {u g \ g G G}, 
its multiplication is given by the rule 

\ugh if d(g) = r(/i) 
I otherwise, 

for all g,h G G, its identity element exists and is 1kg = EeeG Ue ^ ano - 0ln y ^ is finite [14] . 
and its if-coalgebra structure is given by 

A(Ug) = Ug®Ug SLTlA £ ' (u g) = Iff, 

for all g G G. 

The dual ICG* of ifG, as a if-module, is free with dual basis {v g | g G G}, that is, V g (uh) — 
8 g ^Ki for all g,h G G. If G is finite, its if-algebra structure is given by 

v g Vh = Sg,hV g and ^ w g = 1kg* , 
seG 

and its if-coalgebra structure is given by 

A(%) = "ft ® «; = ® f/j and a s w g ) = ^ a ^ 

hl=g d{h)=d(g) gSG e6G 

2.3. Groupoid actions. Let G be a groupoid and R a not necessarily unital ring. Following [2], 
an action of G on R is a pair 

P = ({^alseG, {AJsgg), 
where for each g G G, i? s = -Ew^) is an ideal of i?, /3 9 : E g -i —¥ E g is an isomorphism of rings, 
and the following conditions hold: 

(i) /3 e is the identity map Ie c of E e , for all e G Go, 

(ii) /3g/3 h (r) = f3 gh {r), for all (g, h) G G 2 and r G £7,-1 = E (gh) -i. 

In particular, /3 induces an action of the group G e on E e , for every e G Go- 

In [8] Caenepeel and De Groot developed a Galois theory for weak bialgebra actions on algebras. 
In particular, they considered the situation where the weak bialgebra is a finite groupoid algebra 
and a notion of groupoid action was introduced. Actually, this later notion and the one above 
defined, under some additional conditions, are equivalent, as we will see in the next proposition. 

Following [8j section 4] , a ifG-module algebra is a unital if -algebra R, with a left ifG-module 
structure given by • : KG ® R — ► R, u g ® x n- u g ■ x, such that: 

u g ■ (xy) = {u g ■ x)(u g ■ y) and u g ■ 1r = u r ( s ) • 1r, 

for all x,y G R and g G G. 

Proposition 2.2. Let G be a groupoid such that Go is finite, and R be a unital K-algebra. Then 
the following statements are equivalent: 

(i) There exists an action /3 = ({E g } g ^G, {Pg}gec) of G on R such that every E e , e G Go, is 
unital and R = @ E e . 

e£G 

(ii) R has an structure of KG -module algebra. 
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Proof. (i)=>(ii) Let l g denote the identity element of E g , for every g G G. It easily follows from the 
assumptions that each l g is a central idempotent of R, Ir — ^2 eeGg l e and E e p| Ef = = E e Ef, 
for all e^/. 

Consider now the action of KG over R given by 

u g ■ T = Pg(rl g -i), 

for every g € G and r € R. Such an action induces on R an structure of i^G-module. Indeed, 
Ikg ■ r = 22 u e -r = ^ Pe(rl e ) = ^ rle = r ^2 le = rlj? = r ' 

eGG eSG eGG eSG 

for all r 6 R. Furthermore, it follows from the items (ii),(iv) and (vi) of Lemma l2.1l that E^ gh )-i = 
E h -i, Eh = E g -i, E g = E g h, for all (g,h) G G 2 . Hence, 

u g -(u h -r) = p g (p h (rl h -i)l g -i) = P g (p h {r\ h -i)) 

= Pghirlh- 1 ) = Pgh(rl( g h)-i) 
= Ug h ■ r = UgU h ■ r, 

for all r G R and (g, h) G G 2 . For (g, h) G 2 it is trivial to check that u g ■ (uh • r) = = u g Uh ■ r. 
So, R is a left A'G-module. 

Now, since 

Ug ■ (rs) = PgirSlg-l) = Pg{rlg-x)Pg{slg-x) = (u g ■ r) (u g ■ s) 

and 

Ug ■ Ifi = /3g(lfll 9 -0 = lg = l r (g) = /^r(g) (Ifllr(g)- 1 ) = "r(g) ' 

for all <? G G and r,s € R, the required follows. 

(ii)=>(i) Put 1 9 = u s ■ 1r and £g = i?lg, for every g G G. So, l s = l r ( g ) and by [3 Proposition 
4.1] these elements are central orthogonal idempotents in R, and R = © eeGo E e . Clearly, each 
Eg, g G G, is an ideal of i? and a unital ring. Let j3 g : E g -i — > £7 S given by /3g(r) = u g -r, for every 
r G -Eg-i and g G G. It is immediate from the assumptions that f3 g is a well defined isomorphism 
of rings with f3~ l = /3 g -i. Furthermore, 

Pe(r) = ^2 Pe?(rle>) = ^ u e' ' r = 1 KG ' T = r, 

e'eGo e'eGo 

for every r £ £ e -i = E e , and 

Pg{Ph{r)) = u g ■ (u h ■ r) = u gh ■ (r) = P gh (r), 
for every (g,h) G G 2 and r G -E/j-i = E/ g h)-i. The proof is complete. □ 

2.4. The skew groupoid ring. Let R, G and /3 = ({E g } ge G, {(3 g } g eG) be as in the previous 
subsection. Accordingly [H Section 3] , the skew groupoid ring R-kp G corresponding to (3 is defined 
as the direct sum 

R* p G = ®E g 6 g 
gee 

in which the S g 's are symbols, with the usual addition, and multiplication determined by the rule 

{x8g){y8 h ) = { XPM5 ° h ^) eG2 
I otherwise, 

for all g,h G G, x G E g and y G Eh. 

This multiplication is well defined. Indeed, if (<?, h) G G 2 then d(g) = r(h) (see Lemma I2~l7 iv) ) . 

So, Eg-i = E r{g -i) = E d{g) = E r(h) = E h , P g {y) makes sense, and x/3 g (y) G E g = E r{g) = 
E r (gh) = Egh, where the equality (*) is ensured by Lemma l2.1f vi). 

By a routine calculation one easily sees that A = R -kp G is associative, and by [1] Proposition 
3.3] it is unital if Go is finite and E e is unital for all e G Go- In this case the identity element of 
A is 1a = J2eeG ^e$e, where l e denotes the identity element of E e , for all e G Go- 
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Remark 2.3. Proposition 3.3 in pQ asserts that A = R -kg G is unital if and only if Gq finite. 
Unfortunately, the existence of the identity element I a does not necessarily imply that Gq is 
finite, as we will see in the next subsection (note that, in particular, A is a G-graded algebra by 
construction). 

2.5. Groupoid gradings, coations and weak smash products. Let G be a groupoid and A 
a not necessarily unital if-algebra. We say that A is a G-graded algebra if there exists a family 
{Ag} g( zo of if-submodulcs of A such that 



for all g,h G G. It easily follows from this definition that each A e , e G Gq, is a subalgebra of A. 

Remark 2.4. If A is assumed to be unital, then it follows from |13[ Propositions 2.2 and 2.3, and 
Remark 2.4] that: 

(i) the set Jq = {e G Go | A e ^ 0} is finite, 

(ii) A g — for all g G G such that either d(g) or r{g) does not belong to Jq, 
(hi) every A e , with e G Jo, is unital, 

(iv) 1^ = X)ee/ w ^ le denoting the identity element of A e , for all e G Jo- 

(v) for every e G Jo and g G G such that r(g) — e (resp., d(g) = e), l e a g = a g (resp., 
a g l e = a g ), for all a g G A g . 

Recall from [5] and [7] that a right ii-comodule algebra A (H being a weak bialgebra) is a 
unital -RT-algebra with a right iJ-comodule structure given by the coaction p : A — > A eg) H such 
that p(ab) = p(a)p{b), for all a, b G A, and (p ® !#) o = (p(1a) ® lff)CU <8 A(1 H )) 

In all what follows we will assume that A is a unital iif-algebra and G is finite. 

The existence of a G-grading on A is equivalent to say that A has an structure of a right KG- 
comodule algebra (see Proposition 3.1]), with coation given by p{a) = ^2 geG a g ® u g , for all 
a = J2 gE Q cig G A. This is also equivalent to say that A is a if G*-module algebra, with the action 
given by dj, ■ a = for all a G A and h G G. 

Hence, we can consider the weak smash product A#KG* of A by KG* (see section 3]), 
which is equal to A ® iiTG* as -fT-modules and the multiplication is given by the following rule: 



A routine calculation easily shows that such a multiplication is associative. Also, A#KG* is not 
unital. To see this it is enough to verify that any element of the type x = b^Vh, with b G A^ and 
d(k) ^ r(h), is a right annhilator of A#KG* . Indeed, in this case gh^ 1 ^ k by Lemma [2~lT x) and 
therefore v g!l -i ■ b — which implies {a^v g )x — for all a G A and g G G. 

The element u = 1a#1kc?* is a preunit of Af^KG* , that is, ux — xu — xu 2 , for all x G A#KG* 
(see section 3]). 

In the sequel we will show that there also exists an action f3 of the groupoid G on A#KG*, 
which allows us to construct the skew groupoid ring (A#KG*) *g G. 

Put B = AjfKG* and, for each g G G, let 



and 





A t #v k 



d(fc) = r( S ) 



and 



/3 3 : E g -i -> £J S given by f3 g (ai#v k ) = ai#v kg -i. 
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Proposition 2.5. The pair (3 = ({E g } gG G, {Pgjgec) * s an action of G on B, and B = @ E e . 

eSG 

Proof. First, it is clear that E g — for all g G G. Now, taking x = ai#v k G E g and 

y = b s #vt G B, we have by definition 



xy = (ai#v k )(b s #v t ) 



ai(v kt -i ■ b s )#v t if d(k) = d(t) 
otherwise, 



and v kt -i • b s ^ if and only if kt 1 = s or, equivalently, t = s 1 k. Thus, 



xy 



aib s #v t if t = s 1 k 
otherwise, 



Since d(t) = d(s 1 k) = d(k) = r(g), it follows that xy G E g . Similarly, we also have yx G E g . 
Hence, E g is an ideal of B. 

It is immediate to check that f3 g : E g -i — > E g is a well defined additive map, (3 g -i — fig 1 for 
all g G G, and /3 e = Ib € for all e G Gq. From the above we also have 



aib s #v tg -i if t = s 1 k 
otherwise, 



for all x = a/#«fc and y = b s ^Vt in E g -i. On the other hand, since d(kg x ) = d(<? *) = d(tg 1 ) 
(see Lemma [2TTT vi) ) . and d(k) = r(g^ 1 ) = d{g) we have 

Pg(x)f3 g (y) = a-iivkg-^tg- 1 )- 1 ■ b s )#v tg -i 

= ai(v kg -i gt -i ■ b s )#v tg -i 

= a i( v (k(d(g))t-i- ■ b s )#v tg -i 

= ai(v kt -i ■ b s )#v tg -i 

= aib s #v tg -i 

lit = s~ 1 k and otherwise. So, /3 is multiplicative. 

Finally, notice that, for all (g, h) G G 2 , dom(l3 g fi h ) — f3 h -i(E h f]E g -i) = j3 h -i(E h ) = E h -i = 
E d (h) = Ed(gh) = E {gh)- 1 = dom(/3 g/l )) and 

PgPh{x) = P g (Ph(ai#v k )) = Pg{ai#v kh -i) 

= ai#v k(gh) -i = P gh (ai4v k ) = f3 gh (x), 

for all x = aif^v k G E^-i. Hence, f3 is an action of G on B. 

The last assertion is immediate, since B = J2 g eG ^r(g) an d E e p| Ee' =0. □ 



The skew groupoid ring B-kp G is clearly associative (see the previous subsection). However, it 
is not unital, because any element of the type x = (aj#v k )5 s , with d(k) = r(s) and r{k) ^ d(j), 
is a left annhilator of B *g G. Indeed, it enough to verify that xE g = 0, for all g G G. Let 
V = G E g , that is, d(h) = r{g). Clearly xy = if d{s) ^ r(g), and, otherwise, we have 

xy = (a 3 ifv k )l3 s (ai#v h )S sg 
= (aj#v k )(ai#v hs -i)5 sg 
= (a](v ksh -i ■ ai)#v hs -i)S sg 

But, v ksh -i -ai ^ if and only if kshr x = /, which implies r(l) — r(k) and aj{v ksh -i -ai) = ajai = 
because d(j) ^ r(l). 
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3. Duality for groupoid actions 

In this section R will denote a not necessarily unital if-algebra, G a finite groupoid and (3 = 
({E g } g( zG, iflg}g£G) an action of G on R such that E e is unital, for all e £ Go- 

We are concerned with a Cohen-Montgomery-type duality theorem [9] for groupoid actions. 
More precisely, we show that the weak smash product (R -kp G)ff^KG* (which is not unital) 
contains a unital subalgebra isomorphic to a finite direct sum of matrix i^- algebras. In particular, 
if G is a group we recover Theorem 3.2 of [9]. 

Let B = (R*p G)#KG*. The subalgebra that we are looking for is 

Bo = E g 6 g #VH, 

d(g)=r(g)=r(h) 

and, in order to get our main result, the strategy is to obtain a decomposition of Bq into a direct 
sum of suitable unital subalgebras satisfying the conditions of the following lemma due to D. S. 
Passman (see [TH Lemma 1.6, p. 228]). 

Lemma 3.1. Let S be a unital ring, and Is = ex + • • • + e„ be a decomposition of Is into a sum 
of orthogonal idempotents. Let U be a subgroup of the group of the units of S , and assume that U 
permutes the set {ei, . . . , e n } transitively by conjugation. Then S ~ M n (exSe\). 

The next lemmas are the necessary preparation to get our purpose. For each e £ Go, put 
S e = {geG \ d(g) = e} and T e = {g G G r(g) = e}. Notice that G e = S e f| T e , for all e e G . 

Lemma 3.2. The following statements hold: 

(i) Bq is a unital subalgebra of B , with identity element w = le<5 e #w 9 . 

eGG 

(ii) W = {w e := le^e^ X) u s I e S Go} is a set of central orthogonal idempotents of Bq. 

S6T C 

(hi) Bq = ® egG B e , where B e = BQW e = E g 5 g #Vh is a unital ideal (so, a subalgebra) of 

SEG t 

Bq with identity element w e . 

(iv) For each e £ Go, W e — {w e , s := l e S e ^ v g I 9 G ^e} w a sei o/ noncentral orthogonal 
idempotents of B e whose sum is w e . 

Proof, (i) It is clear that Bq is a -fT-submodule of B. Given x = agdg^Vh and y = biSi^Vk in Bq 
we have 



xy 



(a g d g ){v hk -i ■ bi5i)#v k if d(k) = d(h) 
otherwise, 



and, consequently, 



xy 



(a g 5g)(biSi)#v k iik = l 1 h 
otherwise, 



Since d(g) = r(h) = d(l x ) = r(l), it follows that 

(a g 6g){h6i) = a g (3 g {bi)5gi £ E g i6 g i. 



So, xy £ i?o because r(g/) = r(g) — r{h) = r(l) = r(fc) and d(gl) — d(l) — r(fc). 



8 



DAIANA FLORES AND ANTONIO PAQUES 



Also, 



and 



xw = (a g 5 g #v h )(l e 5 e # J2 v i) 

eGGo _ ;eT e 

= E E a g 5 g (v M -i ■ l e 8 e )#vi. 

eeGo leT = 

d(l) = d(h) 

= (a g S g )(l r ( h) 5 r ( h) )#v h 

= (agSg)(ld(g)$d(g))#Vh 
= a gPg{ l d(g))5gd(g)#V h 

= a g 5 g #v h 
= x, 

wx = EE {U8e#vi)(a g 5g#Vh) 

eeGa l£T s 

= E E U$e(vih-i ■ a g 6 g )#v h 

d(l) = d(h) 

= (lr(g)6r(g))(a g Sg)#V h 
= Pr(g){a g )br(g)g#V h 

= a g 5 g #v h 

= X. 



(ii) Let e,f € G , w e = l e <5 e # J] v g and w f = l/<5/# E v h- Then, 

■ W f = Y Y ^SeiVgk-i ■ lf5 f )#v k (Y^ Vh), 
g£T c d(k)=d(g) heT } 



w 



and so 



W e Wf = < 



J2 E l e Se(v gh -i ■ l f 5f)#V h 
gST c heT f 

d(h) = d(g) 





if d(h)^d(g), VgeT e ,heT f . 



Noticing that v gh -i.l fSf ^ if and only if ft = g and e = r(g) — f, we have w e 
J2 (le<5 e )(le<5 e )#^g = l e <5 e # E v g = w e- Therefore, 



W e Wf 



\w e if e = / 
I otherwise. 



It remains to show that w e is central in _B - Take x — a g S g ^Vh 6 £>o- Then, 

xw e = (a g 5 g #v h )(l e 5 e # ^ v i) = Y a 9 5 g( v ht-^ ■ USe)#v t (^2 v i)- 

l£T c d{t)=d(h) l£T e 

Observe that if r(t) ^ e, for all i 6 G such that d(t) = d(h), then v t ( E v i) = 0- Hence, 



E a g 5 g (v hl -i.l e 5 e )#vi 

!ET e 



if d(h) ^ d(l), VI e T e 

Since %-i • l e <5 e ^ if and only if Z = ft, and e = r(ft) = d(g), it follows that 



Y a 9 S 9( v hi- 1 ■ le<5 e )#w; = {a g S g )(l e 5 e )#v h = a g l3g(l e )5g e #v h = a g 5 g #v h = x. 



d(l) = d(h) 



Hence, 



xw P 



x if ft e T e 
otherwise. 
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By a similar calculation one obtains w e x — xw e . 

(iii) It easily follows from (ii). 

(iv) Take w Eyg = l e S e #v g and w eth = l e S e #v h in W e . Then, 



We,gWe,h 



USeiVgh- 1 ■ le$e)#Vh if d(h) = d(g) 
otherwise. 



Since v gh -i ■ l e 5 e ^ if and only if h = g, and r(g) = e by assumption, it follows that 

w e , g w eth 



w e . g if h = g 
otherwise. 



To see that each w e ,i = l e S e #vi is not central in B e , take x = a g S g ffvh G B e . Then, r(g) — 
d(g) = r(h) = e and 



XW e ,l = (a g 5g#Vh){U$e#Vl) = 

that easily implies 

xw e ,i = 

On the other hand, 

W e jX = (le&e#Vi){a g 5 g #V h ) = 

and, consequently, 



I a g 5 g (v hl -i ■ l e 5 e )#vi if d(l) = d(h) 

I otherwise, 

x if I = h 
otherwise. 



l e S e (vih-i ■ a g 5 g )#v h if d(l) = d(h) 
otherwise 



x if I — gh 
otherwise. 



w e ,ix 

The proof is complete. □ 



Lemma 3.3. For each e G Go, 

(i) U e = {Ug ie := lg<5 3 # v h I 9 £ G e } is a subgroup of the group of the units of B e , 

(ii) U e acts on W e by conjugation, 

(iii) uF e \ = {w e ^ g h | j£G e } = {w e j | I £ Sd(h)} ^ the orbit of the element w Ct h G W e , under 
the action of U e on W e . 

Proof, (i) Let u g . e = l g <5 9 # v h and ui te = li5i# ^2 Vk be elements of U e . Then, 



heT e keT e 



d{k) = d(h) 

= l g 6gli6i#vi-i h 

heT c 

= lgl5gl# Y V l~ 1 h 
heT e 

The last equality follows from the fact that l g = l r (g) = le = l r (/) = 1; an d Igi = ^r(gi) = lr(g) 
l g . Since r(Z _1 /i) = r(Z _1 ) = c£(Z) = e and G G e , it follows that u 9ie ui ie G £/ e . 
Finally, taking >e = l g -i5 g -i# G £/ e we have 

ZGT e 
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= (1A#E »k)(V«r'#E^ 



= Y 1 9 6 9( V hl-^ ■ lg-lS g -l)#Vl 

d(()=d(h) 

= X! 1 9 S g 1 g- lS g- 1 # v h (since l r ( h ) = l e = l d(g ) = l g -i) 

= Y l r(g) 5 r(g)#V h 
heT c 

heT a 

By a similar calculation one also gets u g -i e u g ^ e = 1b c - 

(ii) Taking w e j = l e <5 e #v; G T4^ e and u 9 , e = l s <5 3 # J] v h e U e we have 

h€T e 

= E J2 l g&g{ v ht-i ■ le$e)#V t Vl 
h£T c d(t)=d(h) 

= E ^gSg(v h l-i.leSe)#Vl 

hf=T e 
d{h) = d{l) 

= l g 5 g l e 5 e #vi 

= l g Sg#V t . 

Hence, 

Ug^WejUg-l^ = (lg5g#Vl)(l g -l6g-i# ^ V k ) 

= Y VsK- 1 ■ 1 g- l6 9- 1 )# v t(Y Ufe ) 

d(t)=d(l) keTe 

= Y 1 9 S g( v ik- 1 ■ lg-i6 g -i)#v k 

d(k) = d(l) 
= lg5gl g -l5 g -l#Vgl 

= l r{g)5r{g)#Vgl 
= l e S e #V g i, 

which belongs to W e because r(gl) = r(g) = e. 

(iii) It easily follows from the proof of (ii) . □ 

It follows from the above that any two elements of W e , say w e ^ g and w e .h, are in the same 
orbit by the action of U e if and only if d(g) = d(h). Hence, the action of U e on W e in general 
is not transitive. Nevertheless, W e contains subsets il e ,hn ■ ■ ■ ,^e,h ne and U e contains subgroups 
U ei hi, • • • , Ue,h ns such that each U e .h i acts transitively on fi e ,/ij by conjugation, as we shall see in 
the sequel. 

Lemma 3.4. For each e G Go, let w^ e hi , . . . , to^„ ^ e ^ e distinct orbits of U e in W e , and uj e j H 
denote the sum of all elements of the orbit w^ e h , for each 1 < i < n e . Then, 

(i) d(hi) ^ d(hj), for all i ^ j, 

(ii) UJ ethi =l e 6 e # V l and W e = ^eJu, 

ieT c ns d{hi) i<i<n e 
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(iii) the elements 0J e ,hi Q> r z central orthogonal idempotents of B e , 

(iv) for each 1 < i < n e , B e ,f li := B e u) ei ht = © E g 5 g #vi is a unital ideal (hence, a 

gEG c 

subalgebra) of B e with identity element u e ,hi, 

(v) B e = B eM . 

l<i<n c 

Proof, (i) It follows from Lemma l3.3f iii). 

(ii) Immediate. 

(iii) Notice that each w e! / li is a sum of orthogonal idempotents of W e , which are all orthogonal. 
So, it is immediate to check that all the w e ,/ii, 1 < i < n e , are orthogonal. 

It remains to show that such idempotents are central in B e . 

Take x = ai8i#Vk G B e . Then, I S G e , k e T e and 



teT c r\s d{hi) 
teT e f]S d(ht) 

= ^ l e <5 e (w ts -i • ai6i)#v s v k 

teT c f]s d{h0 d(s)=d{t) 

l e S e (v tk -i ■ ai&i)#v k if d(fc) = 

otherwise 

ai6i#v k if = 
otherwise, 



since v tk -i ■ aidi ^ if and only if t = Ik and, in this case, d(t) = d(lk) — d(k) and r(t) = r(lk) = 
r(l) = e. 

By a similar calculation one obtains xuig^ = We^x. 

(iv) It follows from (iii). 

(v) It follows from (ii) and (iii). □ 



Lemma 3.5. For each e G Go and 1 < i < n e , 

(i) £l e ,hi = {w e ,hi,i '■= ^e^eifvi \ I £ T e C\ Sd(hi)} * s Q set of noncentral orthogonal idempotents 
of B e< hi whose sum is ls eih . = <^e,hi> 

(ii) the set U e . hz = {% e A, : = lg<5g# S u ' I 9 £ G e } is a subgroup ofU e> 

(iii) U e ,hi ac t s transitively on f2 e ,/t< ^2/ conjugation. 

Proof, (i) It follows from Lemma I3.2f iv) and Lemma I3.4f ii) (iv) . 
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(ii) Take u LeM = 1 ; <5j# v k and u t ^ hi = l t 5 t # v s in U e , hi . Then, 

£ {hSi#v k )(l t 6 t #v s ) 
= ^2 (hSOivks-i ■ l t 8 t )#v s 

fc,s6T e f| S d ( h .) 

= ]T (li«5i)(lt«5t)#w- 

seT e nSd( hi ) 

seT s f]s dihi ) 

because I e G e , t G T e and 1 ; = l, r(i ) = l r((4 ) = which implies (lidi)(l t 5 t ) = /3;(lt)^t = 
PlO-r(t))<>lt = Pi(ld(i))Sit = h5u = htSit- And such a product belongs to U e<hi because r(lt) = 
r(l) = e = d(t) = d(lt). 

Finally, it is straightforward to check that e = 1/-k5;-it^ Y v t is the inverse of 

t£T c r\S d(ht) 

ui.e^hi, and clearly it also belongs to U e ,hi- 

(hi) Take u g ^ ht = l g S g # J2 v i e u eM and LJ e ,h it k = U$e#v k <E W e j H . By a calcula- 

l€T a nS{d(hi)) 

tion identical to that done in the proof of the item (ii) of Lemma 13.31 one gets 

Ug.e,hi^e,hi.kU g -i t eJ li — l e 5 e #V g k, 

and this action is clearly transitive. □ 



Proposition 3.6. -B e ,/i; — M ns h (E e ) as unital K -algebras, for all e £ Go and 1 < i < n e . 
Proof. It follows from Lemmas 13.11 and 13.51 that -Be.^ ~ M„ e h (Ce.^J, where 

with l\ G T e P| Sd(hi)- It remains to prove that is isomorphic to E e . Recalling from Lemma 

]that any element of B e ^ i is of the form x — Y o, g 8 g 4^Vk, we have 

keT e nS d(hi) 

XU e ,hi,h = X! a 9^a{ V H^ 1 ' 1 e'5e)#Wi 1 

n£G e 

fceT e ns d(hs) 
= K^)( 1 e (5 e)#W( 1 

= H a 9 5 g# v h- 
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and 

= (l e 5 e )(v e .a g 5g)#v h 

= (l e <5 e )(a e (5 e )#w il 
= a e 6 e #v h . 

Hence, C e ^ i = E e 5 e 4j z vi 1 = E^Ia^vi-A, which is naturally isomorphic to E e as if-algebras via 
the map a e \— > a e 5 e j^vi t = a e (l J 4#w; 1 ). Observe that this map is surjective by definition and it is 
straightforward to check that it is a homomorphism of -fT-algebras. Its injectivity follows from the 
freeness of \a^vi x over A = G. □ 

Theorem 3.7. 

eeG «=1 

as unital K-algebras. 

Proof. It follows from Lemmas I3.2f iii) and OLUV) , and Proposition 13.61 □ 

4. Duality for groupoid coactions 

In all this section G is a finite groupoid and A is a unital G-graded if-algebra. Recall from the 
subsection 2.5 that A is a left i"TG*-module algebra via the action Vk ■ J2 g eG a a ~ a ki f° r au k G G, 
and there exists an action f3 of G on the corresponding weak smash product B = AjfKG*. Let 
G = B *g G be the corresponding skew groupoid ring. Like in the section 3, also here we obtain 
a Cohen-Montgomery-type duality theorem, that is, we show that the if-algebra G contains a 
unital subalgebra isomorphic to a finite direct sum of matrix if-algebras. In particular, if G is a 
group we recover [9l Theorem 3.5]. 

The steps to get our purpose are similar to those in the previous section. Recall from Proposition 
[231 that 

C = 0( A^v k )5 g . 

geG d(k)=r(g) 

Let 

Co- 0(0 ( Ai#v k )5 g ). 

e£G 36G e r(l) = d(l) = r(k) 
d{k) = e 

Lemma 4.1. The following statements hold: 

(i) Go is a unital K -algebra with identity element w = ( l/# ^2 Vh)S e , 

eSG /SG h£TfC\Se 

(ii) W — {w e := ( l/# S w ft)^e | e <E Go} is a set of central orthogonal idempotents 

feG a heT f C\Se 
of Co, whose sum is w, 

(hi) Go = © C e , where C e = Cqw c = © ( © Ai#Vk)5 g is a unital ideal (so, subal- 

gebra) of Cq with identity element w e . 

Proof, (i) Clearly, Go is a if-submodule of G. Now, take x = {ai#Vk)$ g and y = (b s #vt)5h in 
G . Then, r(l) = d(l) = r{k), d(k) = e, r(s) = c2(s) = r(t), d(t) = /, 5 e G e and ft e G/, with 
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e, / G Go- If e ^ / it is immediate that xy = 0. Otherwise, we have 

xy = (ai#v k )P g (b s #v t )S gh 

= (ai#v k )(b s #v gt -i)5g h 

= {ai(v k{t g-iyb s )#v tg -i)5 gh 

= (aib s #v tg -x)6 gh , 

= (aib a #v s -i k )6 gh 

if s = kgt^ 1 or, equivalently, tg^ 1 = s~ 1 k. Observing that 

- aib s G Ai s , because d(l) = r(k) = r(s), 

- d(ls) = d(s), r(ls) = r(l) = r(k) = r{s) = d{s) and r{s~ x k) = r( S - 1 ) = d(s), 
— d(s^ 1 k) = d(k) = e = r(g) = r(gh), and 

- gheG e 

we conclude that xy 6 Co- It remains to prove that w — E ( E l.fffi E Vh)$e is the 

eeG /eGo /leT/nSe 

identity element of Go- Indeed, taking x = {ai#v k )5 g , with g G G e ', for some e' G Go, r(£) = 
rf(Z) = r(fc) and d(fc) = e', we have 

^ = E ( E ^ X! v h)fie{ai#v k )5 g 
eeG /eG Aer/n-Se 

= ( E X! Vh)Se'(ai#v k )6 g 

feG heT f n s e ; 

f<£G h€T f f]S a , 
= ( E E 

= (E E i/Kfe" 1 • °>l)#Vk)8g 

/eGo heTf f] S e i 
= 0-r(l) a l# v k)8 g . 

= {ai#v k )8 g (by Remark E^v)) 

= x 

One easily verifies that xw = x by the same way. 

(ii) Let e, e' G Go- It is clear that w e w e ' = if e 7^ e'. Otherwise we have 

W = [( E l/# E «h)*J[( E E «i)*e] 

= ( E l/# E «*)( E E vi)8 e 

/sG fceiynSe /'eGo 1st,,, r\s. 

= E E (lf#Vh)0.f>#Vl)8e 

fJ'£G »£T f ns B 

= E E i/K;- 1 • if')#vid e 

Lf'eGo her f nB e 
ieT f , ns e 

= El/I E "fc*e 

/eGo freT/flSe 

because v^i-i -If 7^ if and only if h = I, and, in this case, / = /'. 

It remains to prove that w e is central in Go, for all e 6 Go- Let x = (ai#v k )5 g G Go, that is, 
g G G e ', for some e' G Go, = d(l) — r(k) and d(fc) = e'. Again, it is clear that xw e = if 
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e 7^ e 1 . Otherwise, 



xw e = E (ai#v k )(3 g (lf#v h )5 ge 

feG heT f r\S c 
= E E (ai#v k )(lf#v hg -i)S ge 

feG hGT f n Se 
= E E ( a l( v kgh-i ■ ^f)#V hg -l)5 g 

= X 

by Remark 12 .4f v). Similarly, one also gets w e x = x. 

(iii) It is immediate from the above. □ 



Lemma 4.2. The following statements hold: 

(i) For any f £ Go, Wf — {w e j := E v h)^e I e £ Go} is a set of central orthogo- 

h£T f r\s e 

nal idempotents of C e , whose sum is w e , 

(ii) For any e £ G Q) C e — C e j where C e j = C e w e j = ( Ai#v k )5 g is a 

unital ideal (so, subalgebra) of C e , with identity element w e j. 
Proof, (i) For any e, /, /' £ Go we have 

We,fW e ,f> = E V h )6 e {lf># E Vz)<5 e 

= (!/# E E 
= E E Q-f#Vh)(lf>#Vle)Se 

= E E (l/#Vfc)(l/'#"l)*e 

= E E (l/(«W-i • l/0#«l)*e 

E = if/' = / 

otherwise. 

To show that each w e j is central in G e take x = (ai#Vk)8 g £ G e . So, g £ G e , r(l) = d(l) = r(k), 
d(k) = e, and 

xw eJ = (ai#Vk)P g (lf# E v h)&g 

hET, S e 
= (a/#Ufe)(l/# E ""hg-^Sg 

heT f n s c 
= E ( a i# v k)(l-f#v hg -i)5 g 

= E M^gh- 1 • l f)#v hg -i)8 g 
h€T f n S e 

_ | {ai#v k )S g =x if / = r(fc) 
I otherwise, 
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since v kgh -i.lf ^ if and only if h = kg if and only if / = r(h) = r(k) (Lemma l2.1f ix)). One also 
gets w e jx = xw e j in a similar way. 

(ii) It is clear from the above. □ 



Lemma 4.3. For each e, / G Gq, 

(i) W e j = {vjej^h :— (lf#Vh)S e I h G Tf p| S e } is a set of noncentral orthogonal idempotents, 
with sum w e j = lc e t , 

(ii) U e j — {u e j, g '■= v i)$g I 9 G Ce} is a subgroup of the group of the units of 

ieT f f)Se 

C eJ, 

(iii) U e j acts transitively on W e t by conjugation. 
Proof, (i) Let e, / G G and ft, / G T f f]S e . Then, 

VJ e J.hW e .J,l = 0-f#Vh)5 e {lf#Vl)d e 
= (l/#»/.)/3 e (l/#«l)*e 
= (l/#«fc)(l/#«,)* e 

_ ( (l f #V h )5 e = W e ,f,h if ft = i 

I otherwise. 



Clearly, ^ w e,f.h = w e j = lc c/ - Also, w e j t h is not central in C e j. Indeed, let x 

fieT e ns e 

{aiifv k )5 g G C e j. So, g € G e , I e Gf, k eT f D S e , and 

w e j,hx = (lf#Vh)5 e (ai#v k )S g 

= {^f#v h ){ai4v k )8 g 
= • ai)#v k )8 g 

\ x ii h = Ik 
I otherwise. 



On the other hand, 

XWe,f,h = (ai#Vk)S g {lf#v h )5 e 
= (ai#v k )Pg{l f #v h )8g e 
= (ai#Vk)(lf#v hg -i)S g 
= (ai(v kgh -i ■ lf)#v hg -i)5 g 

{x if h = kg 
otherwise, 

since kgg^ 1 ^ 1 = fcr(g)fc _1 = kek^ 1 = kk^ 1 = r(k) = f and a;l/ = a; by Remark l2.4f v). 
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(ii) Let e, / G G and g,h G G e . Then, 

U e ,f,gU e J >h = E Vl )8 g (lf# E Vk ) 6h 

= (i/# E E 

= (l/# E E (setting i = fc,?" 1 ) 

ieT f r\Se teT f nSe 

= E O-f&lt- 1 ' 1 f)# v t¥gh 
i,ter f r\s e 

= E 

ie:z> n Se 

and this last term belongs to U e j because r(gh) = r(g) = e = = d(gh) (Lemma 12 . If vi) ) . 
The equality u e j g -i — is straightforward. 

(iii) Let e, / G G , g G G e and ft G T) f| 5 e . Then, 

Ue,f,gW e ,f, h U eJ> g-i = E V l) S g(. 1 f# V h)8eO-f# E ^fl" 1 

= (!/# E E ^V 1 

Jet, n Se keTf n Se 

= E O-f&Khg- 1 )- 1 • 1 /)# u hs- 1 ) 5 ff( 1 /# E "OV 1 

= 0-f#Vhg- 1 )tg( 1 f# E 

feezv n s e 
ftez> n Se 

= E V kg- 1 )Se 

keT f n Se 

= E (VKrMtr 1 )- 1 ' 1 /)^- 1 )^ 
fee?/ n s c 

= (l/#Uhg-l)^e, 

and this last term belongs to We,/ since r(gh^ 1 ) = r(h) = f and d(gh^ 1 ) = r(g) = e. One easily 
sees from the above that this action of J7 e ,/ on W e j is transitive. □ 

Proposition 4.4. Le£ e, / G G and /i G T/ f)5 e . T/ien, 

G e ,/ — M neJ ( A fl ), 
as unital K -algebras, where n e ,f denotes the cardinality of the orbit ofw e ,f,h- 



18 



DAIANA FLORES AND ANTONIO PAQUES 



Proof. It follows from Lemmas 14.31 and 13.11 that 

C e j ~ M ne j (S e j), 

where S e ,f = w e j th C e jw e j th , for some w e ,/,ft S We,/- 

Now, note that S e j = (A hgh -i#Vf lg -i)6 g . Indeed, for any x = (ai#v k )5 g G C e / we have 

iWej.ft = (ai#v k )8 g {l f 4v h )5 e 
= (ai#v k )f3 g (l f #v h )5 g 
= {ai#v k )(lf#v hg -i)8 g 
= (ai(v kgh -i ■ lf)#v hg -i)S g 

\(ai#v hg -i)5g if kg = h 
1 otherwise, 

since I G G/ and a;l/ = a; by Remark 12 .4f v). Thus, if kg = h 

w e j,hxw ej:h = (lf#v h )6 e (ai#v hg -i)5 g 

= { l f# V h)Pe{ai#V h g-l)5g 

= 0-f#Vh)(ai#Vhg-i)8 g 
= { l f( v hgh-i ■ ai)#v hg -i)5g 

= { a hgh- 1 #Vhg- 1 )^g, 

because v/igfr- 1 - ; ^ if and only if hgh" 1 — Z, and 1/a; = a; by Remark 12. 4f v). 

Since h G TV P| S^, it is routine to check that the map g i— > hgh^ 1 from G e to G^- is a bijection 
and induces the isomorphism of -ftf-algebras 0^, : (J) A s — > A hgh -i given by 9h(a g ) — a hgh -i, 

g eG e 9 eG c 

for all a g G A g . 

Finally, the map 7 : A 9 ->■ (A hgh -i#v hg -i)8 g given by 7(a ff ) = (a hgh -i#v hg -i)S g , for 
S 6G e s eG e 

all g G G e and a 9 G A g , is an isomorphism of if-algebras. Indeed, clearly 7 is an isomorphism of 
if -modules (induced by Oh), and 

l{ a g)l( h l) = { a hgh-i#Vhg-i)b g {bhlh-^#V hl -i)5i 
= {ahgh-i#V hg -i)P g (b h i h -i#V hl -i)5gl 

= ( a / 1 gh- 1 # u /ig- 1 )( fe M/i- 1 # w M- 1 g - 1 ) (5 si 

= {ahgh-^Vhg-^hl-^- 1 )- 1 ■°hlh- 1 )ii zV h{gl)- 1 )5gl 

= {a-hgh-iiVhgh- 1 ■ bhgh- 1 )H=Vh(gl)- 1 )Sgl 

= ( a hgh- 1 bhlh- 1 #Vh(gl)- 1 )dgl 

= (6(ag)0(bi)#v h( g l) -i)8gi 
= {d{agbi)#v h(gl) -i)8gi 

= {{ a gbl)h(gl)h- 1 # v h(gl)- 1 )5gl 

= l( a g b l), 

for all a g G A g and bi G Ai. Therefore, we have from the above that 

Se,f= © (A hgh -i#v hg -i)6 g ~ A g and G e ,/~Af„ c/ (0 A g ). 

geG m geG e geG c 

as unital if-algebras. □ 
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Theorem 4.5. 

Co^0(®M M (0A 9 )), 

eeGo feGo seGe 

as unital K-algebras. 

Proof. It follows by Lemmas 14.11 and 14 .21 and Proposition 14.41 □ 



5. Final remarks 

Let G be a finite groupoid, i? a unital if-algebra and f3 — {{E g } gl zQ, {Pg} g eG) an action of G on 
R such that every E e , e G Go, is unital and R — (J) eeGo E e . By Proposition [221 -R is a ifG-module 
algebra and we can consider the smash product algebra as in |15) . which is constructed as follows: 

Given a weak Hopf algebra H, denote by H t the target counital subalgebra of H defined by 
H t := {he H \ s t (h) = h} = e t (H), where e t {h) = e{l\h)l2, for every h G H. The algebra H has 
a natural structure of a left i/ t -module via multiplication, and any i?-module algebra X is a right 
i/t-module via the antipode S of H, that is, x ■ z :— S(x) ■ x, for all x G X and z G Ht- Hence, we 
can take the if-module X ®u t H, which has an structure of a unital if-algebra induced by the 
multiplication [x ® h){y ® I) = x(h\ ■ y) €3 h%l, for all x, y G X and h,l G H. Its identity element 
is lx <8> Iff- Notice that X (g)H t H also is a left H*-modu\e algebra via h* ■ (x <E) I) = x <E> (h* — I), 
for all h* G H*, I G H and x G X, so we can also consider the if-algebra if) 

Our intent in this section is to present a natural exact sequence of if-algebras relating B = 
(R*p G)#KG* , as considered in the subsection 2.4, to A = (R (g)# ( if) <8>#* if*, in the case 
that if = ifG. Observe that KG (resp., KG*) is a weak Hopf algebra, with antipode given 
by S(u g ) = u g -i (resp., S(v g ) = v g -i). We start with the following proposition. Recall that 
T e = {g G G | r(g) = e}, for all e G G . 

Proposition 5.1. There exist a unital subalgebra C of B containing Bq as subalgebra, and an 
ideal D of B such that B = C D and BD = DB = 0. 

Proof. Notice that 

B = E g 8 g #v h = G0A where C= E g S g #v h andD= E g 8 g #v h . 

g,heG d{g)=r(h) d(g)^r{h) 

Furthermore, Bq = E g 6 g #Vh is a direct summand of C. It is a routine calcula- 

r{g)=d(g)=r{h) 

tion to check that C (resp., Bq) is a unital subalgebra of -B (resp., G) with identity element 
le<5e# X) w s ( see Lemma l3"l2T i)). as well as D is an ideal of B. We saw in the subsection 2.5 

eeG g£T c 

that -BZ? = 0. It follows by similar arguments that also DB = 0. □ 

Theorem 5.2. The natural map (p : B —¥ A, given by a g 6 g #Vh a g <S> u g ® v%, induces the 
following exact sequence of K-algebras 

— > D — > B — > tp{C) — > 0. 

In particular, Bq is isomorphic to a subalgebra of A. 

To prove this theorem we need first to describe the elements of KGt and KG*. 



Lemma 5.3. 



KG t = Ku e and KG* t = £ v h)- 

e£G eeGo heT a 
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Proof. An element x = E X g u g G satisfies £t(x) = x if and only if 

ff€G 

X a u 9 = Y X 9 £ t( u g) = Y \ Y £{u e u g )u ( 

geG geG geG eSG 

= Y X 9 S ( U r(g)g) U r(g) = Y A 9 U K<?)' 
geG geG 

if and only if X g = 0, para all g Gq. 

An element x = E X g v g G satisfies £t(x) = x if and only if 

geG 

Y X 9 V 9 = Y X a £ t( v g) 
gee geG 

= Y2 X 3(Y Y £ ( V hl-^g)vi) 

geG heG (GG 

d(l) — d(h) 



= Y X 9( Y £ ( v 9) v g- 1 h) 
gEG heG 

r (h) = r(g) 

= Y X 9(Y^) 

geG hET g 

if and only if = A g , for all g € Gq and h £ T g . □ 



Proof of Theorem 5.2: 

It is straightforward to check that the map tp : B — > A, given by <p{a g 5 g #Vh) — a g ® u g ® Vh, 
is a well defined homomorphism of i^-algebras. Furthermore, the preunit Ir^^g^^kg* of B is 
taken by tp onto the identity element 1r ® 1kg ® 1kg* of A. Indeed, 

f{lR*„G#lKG*) =<f( E 1 e^e# E u s) = E E l e #W e #W<,- 

eGG gSG eeG geG 

And, on the other hand, since ifG t = (J) -ftTu e (Lemma I5.3[) . we have 

eeG 

lR#lKG#lKG* = Y l <# Y U f* Y V 9= Y Y V 9 

eeG feG (t geG eJeGo geG 

= Y S ( U f) A e# U f#Y V 9 = Y U f A e# U f#Y V 9 

eJeGo geG eJeGo geG 

eJeGo geG eGG geG 

This implies that the ideal D of B is contained in the kernel of <p because (lii*»G#liCG*)-D = 
(Proposition 15. ip and so 

- tp((lR^ G #l K G*)D) = <p(1r^ g #I KG *MD) = 1 A <P(D) = <p(D). 

From this we also have tp(B) = (fi(C) = ® E g ® K g ^ u g®KG* ^ v h- 

d(g)=r(h) 

To end this proof it is enough to show that the if-algebras <f(C) and B/D are isomorphic. 
For this, take the map ip : (J) E g x Ku g x Kvn — > B/D, given by ip{a g ,u g ,Vh) = CLgSgj^v^. 

d(g)=r(h) 
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Notice that for x = ^e u e € KG t we have 

eGGo 



ip(a g .x, u g ,Vh) = ip(S(x).a g ,u g ,Vh) = ip{{ ^ ^eU e ).a g ,u g , v h ) 



eGGo 



V>( X A e /3 e (a ff l e ),u 9 ,u, l ) 



eGGo 



and 

il>(a g ,xu g ,Vh) = i>(a g , ^2 Ku e u g ,Vh) = ip(a g ,X r ^u g ,v h ) = \ r (g)a g 6g#v h . 

eGGo 

Hence, ip is KG^-balanced. 

Furthermore, for x = J2 A e( S v l) e -^^t we a l so have 
eSG ieT e 

ip(a g ,u g .x,v h ) = ip(a g ,S(x).u g ,v h ) 

= ip(a g ,S(^2 ^eC^Vl)).U g ,V h ) 
eeG iGT c 

eGGo iGT e 

= ^K, X A e(^^-i-«fl),«fc) 
eGGo iGT e 

= ip(a g ,Xd( g )U g ,v h ) 
= ip{a g , Xd(g)Ug,v h ) 



- ^d( g )a g 5 g #v h 



and 



i>(a g ,u g ,x.v h ) = ip(a g ,u g ,(^2 A e(^ v 0) v h) 

eGGo iGT e 
eGGo iGT e 

= ip(a g ,u g , X r{h) v h ) 
= ip(a g ,Ug,X r ( h) )v h 

= K(h)0-g5g#Vh 
= ^d( g )0.gS g #V h} 

Thus, ip also is XGj-balanced. Therefore, ip induces a if-linear map ip from <p(C) into B/D. It is 
immediate to see that this map is the inverse of the K- algebra homomorphism ip from B/D onto 
<p(C) induced by ip. □ 
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